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A simple model is proposed for the two-dimensional injection .of irrotational inviscid 
fluid from a slot into a free stream. In a certain range of values of the ratio of free-stream 
to injection total heads, the film thickness satisfies a nonlinear integral equation 
whose solution enables the mam flow in the film to be found. Some experiments are 
described which both agree with this theory when it is relevant and indicate its 
deficiencies at other values of the total head ratio. 

1. Introduction 
This paper is concerned with the flow field produced when fluid is injected from 

a slot into a crossflow. One important physical situation in which this flow field arises 
is the cooling of gas-turbine blades, where cool gas passes through slots (or holes) onto 
the blade surface. Effective cooling of the blade enables higher turbine entry 
temperatures to be employed, which in turn leads to increased power and efficiency. 
The cooling also has to be predictable to some accuracy for Barry (1976) has shown 
that a variation of 20 "C around a mean blade temperature of 900 "C can halve or 
double the life of a blade. 

The slot-flow field is highly complicated for non-tangential injection, and most 
research up to the present time has been devoted to experimental studies and 
semi-empirical models for producing information on the heat-transfer characteristics 
of a given film cooling system (for a review of earlier work see e.g. Goldstein 1971). 
Little attention has been given to the details of the velocity field produced by slot 
injection. The main details of such a flow field for normal injection are shown in 
figure 1. 

In practice the free-stream boundary layer may produce a viscous interaction just 
ahead of the slot, and there will be a shear layer separating the injected flow and the 
free stream. The injected flow may separate at the rear of the slot, and subsequently 
reattach. Downstream of the slot the instability due to the shear layer will cause the 
flow to become turbulent, and mixing of the free stream and the injected film will 
occur. 

t Present address: Department of Maths and Ballistics, Royal Military College of Science, 
Shrivenham, Wilts. 
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FIGURE 1. A general description of the flow field. 

In the following analysis the surface viscous boundary layers are assumed to be 
small compared with the thickness of the injected flow, and the instability of the shear 
layer is not taken into account. It is also assumed that the flow does not separate 
at  the rear of the slot. The free-stream and injected flows are potential flows. The 
main aim of using these simplifications is to enable a solution to be obtained for the 
gross influence of the free stream on the injected fluid. This influence makes itself 
felt in the mass-flow-pressure-difference characteristics of the slot. The problem of 
this interaction has not previously been addressed. After a review of known theory, 
$2 will present a theory for flow from a slot in a certain parameter regime; $3 will 
describe experimental results. 

There are several theories available concerning the injection of incompressible fluid 
into a free stream with velocity U ,  and free-stream static pressure p,. One theory 
considers injection through a porous wall aligned with the stream, a t  injection rates 
that are small enough for viscous effects to dominate (e.g. Rosenhead 1963; Smith 
& Stewartson 1973). A rather extreme situation is when the injection is so strong that 
a large, essentially inviscid, disturbance is produced in the free stream, the simplest 
example being irrotational injection from a point or line source as in the theory of 
Rankine solids (Milne-Thomson 1949). In such a limit is it usually tacitly assumed 
that the total pressure head p,, of the injected fluid is the same as that of the free 
stream pt , .  Then no vortex sheet is produced between the two fluids, and the flow 
field is analytic on the dividing streamline. In two dimensions this enables complex- 
variable methods to be used, even in quite complicated geometries (Milne-Thomson 
1949; Ehrich 1953). However, a wide range of the ratio pti/ptol, is used in film cooling, 
and values below !j are possible. For general values of this ratio even an idealized 
model assuming laminar irro tational flow becomes a complicated free-boundary 
problem, which can only be solved numerically (Ting & Ruger 1965). Our primary 
aim in this paper will be to consider flows in which p,, only exceeds p, by a small 
amount Apt, since it is in this regime that the influence of the free stream on the 
injected flow is of paramount importance. This means that the mass flow per unit 
area from the slot will be much less than that in the free stream and hence that 
perturbations to the free stream can be treated analytically. To avoid the complexity 
of viscous boundary layers we will consider Apt to be not only small compared with 
p,, - p ,  but also large enough to ensure that the injected film is thick compared with 
any viscous boundary layers that may be present. Thus, for example, we assume that 
the ratio of transverse to tangential velocities in the film greatly exceeds the inverse 
square root of the local Reynolds number. We will also assume that mixing effects 
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FIGURE 2. The inviscid flow field assumed. 

resulting from the shear layer are confined to a layer thin compared with the film 
thickness and that we can assume laminar irrotational flow away from the layer. Some 
of the experimental evidence in $3 will support these assumptions about the effects 
of viscosity. 

The analysis of $2 will thus concern the flow pattern of figure 2. For simplicity, 
we neglect separation at  the trailing edge of the slot, A ;  such separation can be 
minimized in practice by slightly rounding the trailing edge. Also we have assumed 
that the shear layer separates at the leading edge 0, although this would not happen 
in practice because of viscous effecta. We conjecture that, because p, ,  > p,,, the layer 
will leave 0 parallel to the z-axis because only the injectant stream could support 
a stagnation point at 0. 

One theory that is directly applicable to figure 2 is the ‘inviscid boundary-layer’ 
theory of Cole & Aroesty (1968). They considered the rotational inviscid flow produced 
by an arbitrary velocity distribution on the straight line OA, solely for the case when 
v, the normal velocity along OA is proportional to (Apt)! with a suitable non- 
dimenaionalization. Indeed, when 

where a < i, it is easy to see that, downstream of the injection region, the film will 
quickly ‘forget’ the details of the injection process and adopt an almost-constant 
velocity and thickness. In such a regime, the free-stream pressure will adjust to that 
corresponding to flow past a thin aerofoil whose shape is that of the shear layer. 
However, when a 2 # the free stream and film interact in the more intimate way 
described in Cole & Aroesty (1968). We will see in $2 that when the flows in the slot 
and film are coupled aa in figure 2, the film flow is inevitably in the regime of Cole 
& Aroesty with a = i. Although our geometry is more complicated than that in Cole 
& Aroesty , our assumption of irrotationality will make the problem analytically 
tractable. 

2. Small-disturbance theory 
Following the discussion in $1, we define a small parameter E by 

P,, = P , + i P V L E 2 ,  (1) 

where p is the assumed constant density of the free-stream and injected fluids. In 
the film downstream of A we expect the pressure to be within O(pu2, s2) of po3,  and 
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hence the velocity to be O(eU,). Now an aerofoil of thickness/chord ratio 6 produces 
free-stream pressure variations O(6pU2,)) so we also expect the film thickness to be 
O(sz) as e+O. Thus the mass flow from the slot - pU,Ea, which confirms the 
statement in the introduction that the film flow is in the regime considered by Cole 
& Aroesty (1968). 

We are now in a position to set up dimensionless asymptotic expansions for the 
velocity potential @ in the different regions of figure 2. All distances are made 
dimensionless with the slot width, velocities with U ,  and pressures with pV,. 

(i) In the free stream we write 

@ - X+€2q5(2, y) (y > 0, - 00 < x < a), ( 2 4  

where Aq5 = 0. ( 2 b )  
The pressure variation in the outer flow is -8 aq5/ax to lowest order, and, if the film 
thickness is y - saS(x) + . . . ) x > 0, then 

(ii) In  the slot we write 

Q, - eaq5Jz,y)+ ... (y < 0, 0 < x < 1)) 

so that the slot pressure is 
(4) 

We now make the important assumption that these orders of magnitude apply all 
the way upstream to the vortex sheet above the top of the slot. The theoretical reason 
for this is that we have been unable to find any consistent scaling for small E in which 
rapid changes occur across the entire slot exit y = 0, 0 < x < 1. For example, if we 
assume pressure variations across the slot exit comparable to that in the injectant 
downstream of the slot, a transverse velocity O(s)  is induced in the injectant at the 
slot exit, and this transverse velocity is so large that it must have zero mean if mass 
is to be conserved. Hence such pressure variations are only possible if there is an 
unrealistic region of suction into the slot. Moreover, as we shall see in $3, the 
experimentally observed pressure variations in the slot are quite gradual except in 
the vicinity of y = 0, x = 1, which supports the idea of a 'lid' effect. Thus, to match 
kinematically with the free stream (2), 

%=, ( y = O , O < x <  l ) ,  
aY 

but #s will have a singularity at (1) 0) which is a line sink for the flow from the slot. 
The precise details of this sink and the flow near (1 ) 0 )  are complicated and may depend 
sensitively on the local geometry, but fortunately we do not need these details to find 
the film flow downstream. 

Matching the pressure with that in the free stream gives 

- aq5 = -1 (y = 0) 0 < x < 1). ax (7) 

(iii) In  the film downstream of ( l , O ) ,  where the irrotational version of the Cole & 
Aroesty theory applies, the x-component of velocity is eu, where, to lowest order, 
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Hence, matching the pressure with the free stream, 

aq5 - ax = - f+W (y = 0, x > 1).  

19 

(9) 

However, from conservation of mass 

US = constant = M, (10) 

which is the unknown scaled dimensionless mass flow out of the slot (for a slot of 
width d the dimensional mass flow is ."pU,d). Hence, from (9) and (lo), 

We have now set the problem up as a nonlinear boundary-value problem for 4. 
Using the fact that the Hilbert transform of aq5/ay is - a$/ax on y = 0, we may write 
the equation for S as 

-f ( O < x <  l), 
1 f "  S'(t)dt 1 -- - -_ 
x J r J  t - x  ( - f + t W / S 2  ( 1 < 2 < 0 O ) .  

In physical terms, the left-hand side of (12) is effectively the free-stream pressure 
variation at the dividing streamline caused by a source distribution of strength S'. 
By momentum conservation across the dividing streamline this pressure variation 
must equal that in the injectant. A similar approach has been used for cavity 
problems by Childress (1966). 

We expect that S(0) = S'(0) = 0 as in figure 2, and that S = M +  0(1/z) as x+ 00. 

This latter estimate is consistent with q5 behaving logarithmically at infinity, so that 
aq5/ax = O(l/x) on y = 0, x +  00. Moreover, from (12) we expect S'(x) to have a 
logarithmic singularity at x = 1, where, as we have already remarked, our small- 
disturbance theory is invalid. Finally, and most crucially, we hope that these 
conditions, together with the continuity of S, which is implicit in (12), will give a 
unique value for M. 

Some numerical evidence for this can be presented by first inverting (12) to give 

or, if S = T M ,  

co W d t  

It is plausible that (13.b) has a unique solution for Tin  1 < 0 < 00 when T( 1 )  is given. 
If so, for each T ( l ) ,  this solution may be used to compute T in 0 < x < 1, and hence 
to find the continuous solution of (13b) by iterating on the value of T(1).  It is eaay 
to show that if T is monotonic and bounded above then the asymptotic estimates 

T(x)  - d (x+O) ,  

T(x)  N T(co)--  (z+co) 
X X  

give the behaviour of T at both ends of the range, but i t  does not seem possible to 
find T( 00)  analytically. As a consequence of this, we have chosen to find the continuous 
solution of (13b) numerically, firat integrating with respect to x and using the 
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FIGURE 3. The form of the dividing streamline indicated by the analysis. 

condition T(0)  = 0 to give 

which is more suitable for numerical calculations as the integral is no longer a 
principal-value one. We now assume that T is piecewise-constant on the intervals 
(&,&+l] (k = 1,  ..., N) and write 

where 

The integral contained in the square brackets may now be explicitly evaluated and 
the error term EN may be estimated for large-enough to give the iterative 
numerical relaxation scheme 

a+ 1 
a- 1 

where &(a) = a+2(1-a2) log-, 

for the problem on [ 1,oo) .  The solution between 0 and 1 may then be calculated from 
(14). The sequence of solutions { T j }  ( j  > 0) converged rapidly for all (positive) initial 
guesses for T&) when the relaxation parameter 6 was chosen to be less than 0.1, the 
calculated value of T(co) being 1.04. Thence 

M = T y o o )  = 1.12. 

The functional form of the solution is shown in figure 3. 
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FIGURE 4. (a) A schematic diagram of the experiment. ( b )  Details of the slot, fences and 
boundary-layer suction. 

3. Slot-injection experiments 
An open-circuit induced-flow wind tunnel (figure 4) was used to provide the 

free-stream flow. The working-section dimensions were 508 mm x 508 mm, and a 
45 k W  electrofan exhausted the air to the atmosphere. The injected gas was drawn 
from the atmosphere into the working section through a 40 mm wide slot of aspect 
ratio 10: 1. The air entered the slot via a contraction, and gauze resistances were 
placed over the entrance to vary the injection total pressure. The tunnel-wall 
boundary layer was removed by suction 0.1 m from the slot’s leading edge. The 
suction was provided by connecting the boundary-layer bleed to the low-pressure 
region downstream of a resistance placed in the tunnel. Care was taken to minimize 
the sidewall boundary-layer effects by introducing large fences at the point of 
boundary-layer bleed as shown in figure 4. 

Free-stream conditions were found using a Pitot tube in the centre of the tunnel and 
a wall static measurement. Similarly Pitot and static-pressure measurements enabled 
the injected flow to be defined, and velocity distributions in the slot were measured. 
The static pressures along the wall both upstream, downstream and within the slot 
were also determined. Conventional alcohol manometers and an electronic micro- 
manometer were used for the measurements. 
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The experiment was run with the slot blanked off and the variation of pressure 
along the instrumented wall found with respect to a wall static tapping on the 
opposite wall of the tunnel. This last tapping was used as a reference, for when 
injection took place, all the static pressures along the instrumented wall varied. Also 
the zero-injection case enabled wall static-pressure variations resulting from boundary- 
layer growth on the walls and fences to be evaluated. This last effect was subtracted 
from the static-pressure variations resulting from injection and was a small correction 
in the proximity of the slot. For the important measurement of the mass-flow 
characteristics of the slot the quantity 

,jj = Pti-P, 
Pt,  -P, 

was required. The value of p, was that measured by a wall static tapping nearest 
to the slot when this was blanked off. The difference between this static pressure 
and the reference static pressure was small and hence only significant at the lowest 
injection rates. The free-stream flow velocity was typically 27.4 m/s, giving a slot 
Reynolds number of 6.5 x lo4. The boundary-layer thickness just upstream of the slot 
in the absence of injection was approximately 4 mm and was essentially turbulent. 
The injection velocity was measured four slot widths from the slot exit. The boundary 
layer on the slot walls was small compared with the slot width, and the velocity 
distribution was uniform. At very low injection velocities the flow became unsteady, 
and flow uniformity suffered. The injection velocity U, was taken to be the centreline 
velocity. 

The static-pressure distribution along the surface of the plate is shown in figure 5 
for several blowing rates B = U,/U,. It can be seen that the general form of the 
pressure distribution is as expected in that the pressure is sensibly uniform over the 
slot, but with a large suction peak at the slot trailing edge. The pressure subsequently 
recovers downstream from the trailing edge. The pressure distribution within the slot 
is essentially constant for small B and close to the injection total pressure. Upstream 
of the slot the pressure rises as expected to the slot pressure owing to the injected 
fluid having the same effect on the external flow a solid body of the same shape 
as the a m .  The form of the pressure distribution downstream from the slot may be 
predicted from ( 11 ), giving 

The pressure distributions are therefore plotted for different injection rates as 

versus (z - 1)/D in figure 6. It can be seen that at the lower injection rates the profile is 
tending to that expected, and B.S is a reasonable scaling parameter. As the injection 
rate is increased, the flow separates from the rear vertex of the slot, and this is clearly 
seen by the pressure plateau immediately downstream from the slot in figure 5 and 6. 
The separation was observed using tufts and smoke. 

The mass-flow characteristics are shown in figure 7 as B versus the pressure-difference 
ratio p .  Typical values of lie between 10+ and 1, so that our earlier assumption 
that the injected film thickness is greater than the viscous-boundary-layer thickness, 
i.e. that 9 > slot Reynolds number, is justified. The prediction from the present 
theory is plotted as B = 1.129, and in addition the characteristic resulting from the 
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FIGURE 5. (a) Normalized static-pressure distributions for (a) the slot with sharp trailing 
edge and (b)  the slot with a 6 mm radius trailing edge. 

assumption that the slot exit pressure is the free-stream static pressure is shown as 
B = 3. Naturally, the latter predicts too high an injection rate, and the prediction 
B = @-$, which assumes that the slot exit pressure is the average of the free stream 
static and total pressures, is also shown. It is of interest to plot these results 
logarithmically as in figure 8, where it can be seen that at the lowest injection rates 
the injection rate is well above that predicted by the present theory. As the injection 
rate increases, the results tend to the present prediction and then deviate from this 
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-2.0 

as separation becomes important. The differences at  the lowest injection rates are 
understandable, for the boundary-layer thickness is of the same order as the injected 
layer in this region and viscous effects will become important. A criterion for 
determining the mass-flow rate a t  which viscous forces dominate may be roughly 
estimated by the following argument. If it is assumed that the injected flow rate is 
very small then the injected-free-stream boundary will become a shear layer 
downstream from the slot’s leading edge. The velocity distribution in a turbulent 
shear layer is given by Schlichting (1979, p. 738), and when the velocity deficit is U ,  
the injected-fluid volume-flow rate within this shear layer is approximately 0.02 U ,  D 
at a distance D from the leading edge. This volume-flow rate is equivalent to an 
injection velocity U, = O.O2U,, and hence i t  would certainly be expected that viscous 
effects will dominate when B x 0.02, and this level is indicated in figure 7. When the 
injection mass flow was reduced to zero, recirculation was observed within the slot 
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passage, aa would be expected. In  the results presented here the upstream boundary- 
layer thickness waa approximately & of the slot width, and it should be mentioned 
that the mass flow from the slot increased significantly if the boundary-layer thickness 
was increased by a factor of three. 

The presence of separation is not included in the theory, and the effect of reducing 
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this by slightly rounding the trailing edge of the slot was studied. The results may 
be seen in figures 5-8 for two radii of curvature. The pressure distributions change 
in the expected manner, although the effects on the mass flow characteristics are not 
marked. 

Flow visualization of the injected gas was performed by slightly heating the 
injectant and allowing it to pass over a thin perspex sheet placed parallel to the tunnel 
sides and coated with a liquid-crystal thermochromic indicator (BDH 1984). The 
shape of the dividing streamline is shown in figure 9 (plate 1) for various values 
of B. 

4. Conclusions 
The theory presented in this paper represents the first attempt to quantify the effect 

on the flow within a slot due to the interaction between the fluid emerging from a 
slot and a free stream. The theory applies in the region where the injected flow 
remains close to the surface and yet carries significant variation in surface pressure. 
For a normal slot the predicted mass-flow characteristic is B = 1.129, and this has 
been shown to give agreement with experiment at  low injection rates when separation 
is small. However, the injection rate must be sufficiently large for viscous interactions 
to be unimportant. 

The picture of the flow field given by the theory is that the mainstream acts as 
a ‘lid’ over the slot, only allowing the injected fluid to escape in a region close to 
the rear vertex of the slot. This description is borne out by the measurements taken, 
the pressure within the slot being uniform and close to the injection total pressure 
except in the proximity of the slot’s rear vertex. However, the theory clearly does 
not include the effects of downstream separation, upstream boundary-layer thickness 
or turbulent mixing downstream from the slot, but gives the correct magnitude for 
the mass flow properties of the slot when recovery of the mainstream against the 
emerging jet is dominant. 

In  engineering terms the analysis presented in $2 has the advantage that it may 
also be used, with small modifications (for full details see Fitt (1984)) when the flow 
is incompressible, but the densities of the free-stream fluid and the injected fluid differ. 
In  this case it is again the pressure ratio that determines the shape of the region 
composed of injected fluid. 

The analysis may also be capable of generalization to deal with different slot 
geometries, as long as the angle of injection is not too small, and it may also be possible 
to include the presence of a separated region downstream of the slot. One of the most 
important conclusions of the work described above, which was clearly evident in the 
experimental results, is that the flow inside the slot is dominated by the ‘sink’ effect 
at the rear vertex of the slot. A very interesting question that still remains is whether 
a comparable effect exists in the three-dimensional case of hole injection (see e.g. Bliss 
1982), and, if so, whether the correct model consists of a single point sink at the rear 
vertex of the hole, or a distribution of sinks. 
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